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Sets, so far...

@ Sets are a collection of unique items, including other sets, that are
designated using braces.

» {1,2,3}, {red, blue}, {}, {5,{4,3},8}
@ We described an element as a member of a set using € or not as a
member using &.
» 1e€{1,2,3} and 7 ¢ {1,2,3}
@ Two sets are equal = if they contain the same elements, the order is
irrelevant.
» {1,2,3} = {2,1,3} and {1,2,3} # {2,3,4}
@ Set builder notation: {x € S| P(x)}
» {x€Z | x>0andx=#15}
o Cardinality of a set is the number of elements contained in the set
» {1,2,3}} =3 |L,{2,3}}=2 {x€Z | x>-5}=00
o If a the cardinality of a set is zero, we call that the empty set
> [{}I=0.10]=0
» But the empty set can be member of a set, |{{}}| = |{0}| =1

2/n
Subsets
Definition

For two sets A and B, A is a subset of B (written A C B) if for all
elements x € A then x € B.

Example

For the set A= {9,7,22} and B = {9,22,18,42,7}, AC B (or B D A)
because all the elements of A are also in B, thatis 9 € B, 7 € B and
22 € B.

Definition
A proper subset (written A C B) is a subset whereby A C B but there
exists at least on element x € B such that x ¢ A
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Exercises

For the set A = {42,18,3,22} and B = {22, 3,42, 18},
is AcC B?
Is AC B?
Is ) C {5,12,2,19}7

For two sets, C and D, where C =D, is C C D?

s C@?
For two sets E and F, if E C F and E D F, then it must be the case that
E = F. Why?
5/ o/
Union and Intersection Complements or Difference
Definition Definition
The union of two sets A and B, written AU B, is the set that contains all The difference between set B and A (or the relative complement of A in
elements in A or B. ) B), written B\A or B — A, is the set of elements in B that are not in A.
v
Definition Example
The intersection of two sets A and B, written AN B, is the set that If A={12,7,19,5} and B = {12,3,22,42,5} then

contains all elements in A and B.

A\B=A-B={7,19,5} and
Example B\A=B - A={3,22,42}
If A={12,7,19,5} and B = {12,3,22,42,5} then

Definition
AUB ={12,7,19,5,3,22,42} and The compliment of set A, written A€ is the set of all elements in the
AN B ={12,5} ) universe U from which sets are populated that are not in A.
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Set Operators as Venn Diagrams Exercises

For any set A, what is
AUQ?
U ANQ?
AUA?
A_B AN A?

Write the set builder notation equivalent for each operation, assuming a
universal set U.

AUB
ANB
B-A
AC
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Operators on Indexed Collections of Sets Mutually Disjoint Sets

Consider an indexed collection of sets Ay, As, Az, ..., A, where nis a
positive integer, then we can define the following index operations over the Definition
sets:
n _ Collection of indexed sets A1, Ay, As, ... are called mutually disjoint (or
° ,Ul Aj =A1UAUA3U...UA, = {x]|x € Aj for some j =1,2...,n} pairwise disjoint) if and only if for every two sets A; and A;, AiNA; =0
=
n
o ﬂ A,'ZAlﬁAzﬂAgﬂ...ﬂAn:{X|X€Aj forallj:1,2,...,n} Example
i=1

The following sets are mutually disjoint

We can even define these up to oo: @ No = {n|n =3k for some k € N} = {0,3,6,...}

0o
(] UA;=A1UA2UA3U...:{X|X€AJ' forsomej:1,2,...} C N1:{n|n:3k—|—1forsomekEN}:{1,4,7,...}
i=1 @ Ny ={n|n=3k+2 for some k e N} ={2,5,8,...}
) b
) ﬂA;=A10A20A3ﬁ...={X|X€Aj forallj:172,...}
i=1
u/m
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Partition

Definition

disjoint and | JA; = A
i

Let A1, Az, As, ... be a partition of the set A if Aj, A, As, ... are mutually

Example
The following sets are a partition of N (natural numbers)

@ No = {n|n=3k for some k € N} ={0,3,6,...}

@ Ny ={n|n=3k+1 forsome k e N} = {1,4,7,...}

o Nr ={n|n=23k+2forsome k e N} ={2,5,8,...}
Because Ny, N1, Ny are mutually disjoint and Ng U Ny U Ny = N

372
Power Sets
Definition
The power set of A, written P(A), is the set of all subsets of A.
Example
The power set of A= {1,2,3} is
P(A) ={0,
{1},{1,2},{1,3},{1,2,3},
12 12, 80,
{3}
V.
15/21

Exercises

Write down three sets that are mutually disjoint
Define a partition for Z

s the following a valid partition of the set M = {1,2,3,...,9}:
o {xeM|x¢{1,2,3}}
o {xe M|x¢{4,5,6}}
o {xe M|x¢{7,8,9}}
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The cadinality of a power set, |P(A)| is a power of 2, namely, |P(A)| = 2/A

Why?

The empty set 0 is a member of any power set, why?
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Ordered Pairs

Definition
An ordered pair of two elements a and b, written (a, b) is a grouping of a

Because the size of the power set is always a power of 2, we also denote . . .
P ysap and b where a is the first element and b is the second element.

the power set of a set A as 27

Definition
Example J Two ordered pairs are equal, written (a, b) = (c,d), if and only if a=b

P({a, b}) = 213} = {0, {a},{b}, {a, b}} and ¢ = d.

Example

An ordered pair is used to define the Cartesian plane, where the first
element is the x component and the second element is the y component.

Two points in the plain are only equal when they have the same x and y

/2 15/21
Generalizing ordered pairs into tuples Cartesian Products (or Cross Products)
We can define ordered collections of more than two elements by combining
ordered pairs. For example, an ordered collection of three elements and Definition
four elements can be written: The Cartesian product (or cross product) of two sets A and B, written
A x B and read “A cross B, is the set of all ordered pairs (a, b) where
X:(aa(ba C)) y = (37(b7(c, d))) acAand be B.

As this is cumbersome, we can combine these elements together to form a

Example
tuple, denoted like so P

We can denote the cross product of two sets using set builder notation:

x=(a,b,c = (a,b,c,d
(3.b,¢) vy =( ) Ax B=1{(a,b)|ac Aand be B}
A tuple has the same properties as an ordered pair, where each element of

the two tuples must be equal for the tuples to be equal. For example, We can further generalize the result for multiple products,

(10,12,3,5) # (10,2,3, 5) Al X Ay X A3 x ... ={(a1,a2,33,...) | a1 € A1,32 € Ap,a3 € A3, ...}
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Exercises

Let A={1,2,3} and B = {u, v}, what is:
Ax B
BxA
AxA
BxB

Let D = {p, q}, what is 2P x B?
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